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An examination is made of the stationary problem of temperature 
distribution in a liquid of known mass covering a solid sphere failing 
under gravity, the temperatures of both media with which the liquid 
is in contact being given. A solution has been obtained under the 
assumption of constant coefficient of thermal expansion of the liquid. 
A number of particular cases is examined, the question of stability of 
the liquid under the temperature distribution obtained is solved, and 
the total heat content of the liquid is found. 

L e t  a l i q u i d  of  m a s s  m c o v e r  a s o l i d  s p h e r e ,  r = 

= a,  f a i l i n g  u n d e r  g r a v i t y ,  t he  t e m p e r a t u r e  T e of  the  
s p h e r e  a n d  of  the  m e d i u m  a b o v e  t he  f r e e  s u r f a c e  of  the  
l i q u i d  r = b ( s u b s c r i p t s  1 a n d  2, r e s p e c t i v e l y )  b e i n g  

known.  T h e  a s s u m p t i o n  of a m o t i o n l e s s  l i q u i d  s a t i s -  

f i e s  t he  s t a t i o n a r y  p r o b l e m .  
We w r i t e  t he  h e a t  c o n d u c t i o n  e q u a t i o n  f o r  t h e  l i -  

q u i d  w i t h  b o u n d a r y  c o n d i t i o n s  f o r  t e m p e r a t u r e *  

f o r  w h i c h  (2) t a k e s  t he  f o r m  

~)Se -~ tEl (9) --  Ei (~}/~)] -5 (3~}' -5 3~}~ + 2~ z) ~ exp [-- (1 - -  t/~) ~] --  

- -  (30 ~ -5 3~} -1- 2)= ne sT' , (6) 

3 :rnv~ _ I \ (e =~0, ~ = ~ - ~ < - f f ) ,  

w h i c h  is  t r a n s c e n d e n t a l  r e l a t i v e  to ~. A f t e r  t h i s  i s  

s o l v e d ,  T 1 a n d  0 a r e  d e t e r m i n e d  f r o m  (4). In w h a t  

f o l l o w s  we  e x c l u d e  t he  t r i v i a l  s p e c i a l  c a s e s  w h e n  

ai= 0 (T= Te~, a~= 0 (T= T;,), AT e=O (T= To) , 

f o r  which 

3 

d I ~ dT \  dT  
~ ~ )  = o, ~ ~ . . . .  = ~i,~aT~ = =b~t,T,, (1) 

( ATi = Ti - Te~ 
ATs = Tez--Ts] ' 

and the integral condition for mass 

b 

f r~" dr = m (v - -  specific v o l u m e )  . 4~ v 
a 

(2) 

T h e  s o l u t i o n  of  t he  d i f f e r e n t i a l  e q u a t i o n  f o r  c o n -  

s t a n t  t h e r m a l  c o n d u c t i v i t y  X is  

T=Ti@O(l--I/p), l<p<~, (3) 

w h e r e  p a n d  ~ a r e  the  r a t i o s  of  r and  b to  a. T h e  c o n -  

s t a n t s  of  i n t e g r a t i o n  T 1 and  0, and  a l s o  ~ (or  b) ,  a r e  
to  b e  d e t e r m i n e d .  T r e a t i n g  t h e  cq as  c o n s t a n t s ,  we 

u s e  t he  b o u n d a r y  c o n d i t i o n s  to  e x p r e s s  t he  f i r s t  two 
of t he  u n k n o w n  q u a n t i t i e s  in  t e r m s  of  t h e  t h i r d  : 

~5 ('rTel �9 To2) ~ - -  ~TTei ~ -5 T~l ~TATe ~ 
Ti=- ~(7 + i) ~__~ + i ' '  O =~(T+ i)~__~ + I, 

~ = = ~ / a i ,  T = a i a l ) ~ ,  AT~ --- -Tes--Tel  . ( 4 )  

We s h a l l  r e s t r i c t  t he  e x a m i n a t i o n  to  a n  i n c o m p r e s -  

s i b l e  l i q u i d  w i t h  c o n s t a n t  t h e r m a l  e x p a n s i o n  c o e f -  

f i c i e n t  5 

V = Vo eST, V 0 = COnSt , ( 5 )  

* W h a t  is  i n t e n d e d  h e r e  i s  to  d e t e r m i n e  t he  h e a t  

t r a n s f e r  c o e f f i c i e n t  ~ ,  in  t h e  s e n s e  of c o n t a c t  h e a t  
c o n d u c t i o n  ( s e e ,  e . g . ,  [1]),  a s  d i s t i n c t  f r o m  the  c o n -  

v e c t i v e  h e a t  t r a n s f e r  c o e f f i c i e n t  o r d i n a r i l y  u s e d  in 

t e c h n i c a l  c a l c u l a t i o n s  [2]. 

We n o t e  t h a t  

t 
AT e {AT, ATe, AT2, 0}<1 (AT=T2--Ti)-. (7) 

W h e n  5 = 0, e q u a t i o n  (6) g i v e s  

3 

= ]/~/~ ~ + i .  ( 8 )  

W h e n  e = 6AT e i s  s m a l l ,  v i z .  lel << r a in  (1; l / T ) ,  we 

o b t a i n  f r o m  (6) 

t~ (y "4- 1) ~2 _ ~7~ -5 t1 [2 (~s _ t)  --  neSre'l = 

-- ~ [~ (2~ a -- 5~ ~ + 3) Jc ne sTei] e . (9) 

T h e  r o o t  d e s i r e d  is  c l o s e  to  

3 

= ]/112 ne~T~l + t  . (10) 

w h e n  n e S T e l  >> 2 m a x  (6,fi - 3 / 2 ,  T - 3 / 2 ) ,  For example, 

we have 

For  n su f f i c ien t l y  sma l l ,  (6) gives 

I ~ - - 2  
~ = l - ~ n  B ~  en -{+ 2(3 -I- 

/ T~ -5 BT~2\ ] -  i 
+ 2 o-3 0,)0:pt-8 -)l . 

T h e  n e c e s s a r y  c o n d i t i o n  fo r  t h e  e x i s t e n c e  of a s o l u -  

t i o n  of  (12) w i l l  b e  

B + i  t i (~+t )~  
O.<: .~- - l .~min  t, ~ ' r + 2 '  t i e o i '  1312-B ' i ' i l~ t '  

I T~i + BT~ ] 
(13) 
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On the o the r  hand,  when nt~T~ ~ 2 max (i; [l-']'; I W), I') 
we obtain f rom (6) 

2~ s + Ois,[In ~ + Ei (~i) -- In [ @i ] -- C] -- (3012 + 3@i + I) e ~' = 

(14) 

w h e r e  C is the E u l e r  cons tan t .  The roo t  is  c lo se  to 

$ 
-- ]/1/2 n exp 1/88Te2 . (15) 

Let  us now e luc ida t e  the ques t ion  of h y d r o d y n a m i c a l  
s t ab i l i t y  of the l iquid  for  the t e m p e r a t u r e  d i s t r i bu t i on  
(3) obta ined.  The condi t ion  for  ab sence  of convec t ion  
is [3] 

If a r oo t  of (6) does  not  s a t i s fy  (17), convec t ion  is 
p o s s i b l e  in the l iquid.  When this  oc c u r s ,  the t e m p e r -  
a t u r e  d i s t r i bu t i on  g e n e r a l l y  b e c o m e s  d i f f e ren t  f rom 
(3). 

The to ta l  hea t  content  of the l iquid is 

~ T  

1 

[ 30 ] 
3"----cra T l + O - - ~ ( ~ - - i )  whenS=O, (19) 

i 0 8 p2 In T > - ~c k, or (in the case given) T > T k ,  (16) 

w h e r e  c is  the spec i f i c  hea t  of the l iquid,  and k is the 
p roduc t  of the g r a v i t a t i o n a l  cons tan t  and the m a s s  of 
the so l id  sphe re  d iv ided  by i ts  r ad ius .  When AT e > 0, 
inequa l i ty  (16) is s a t i s f i e d ,  and t h e r e  is  s t ab i l i t y .  
When AT e < 0 we obta in  

T2 ~ c 

F07>~, 

where  ~ is  d e t e r m i n e d  f r o m  (8). 
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