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An examination is made of the stationary problem of temperature
distribution in a liquid of known mass covering a solid sphere falling
under gravity, the temperatures of both media with which the liquid
is in contact being given. A solution has been obtained under the
assumption of constant coefficient of thermal expansion of the liquid,
A number of particular cases is examined, the question of stability of
the liquid under the temperature distribution obtained is solved, and
the total heat content of the liquid is found.

Let a liquid of mass m cover a solid sphere, r =
= q, falling under gravity, the temperature Ty of the
sphere and of the medium above the free surface of the
liquid r = b (subscripts 1 and 2, respectively) being
known. The assumption of a motionless liquid satis-
fies the stationary problem.

We write the heat conduction equation for the li-
quid with boundary conditions for temperature*

d dar aTr
a(angr) =0 Gl

™ 0a?AT = ab®ATy, (1)

(AT1 =T — Te]‘)
AT, =Ta—Ti*

and the integral condition for mass
(» — specific volume) | (2)

The solution of the differential equation for con-
stant thermal conductivity A is
T="T+0(1~—1/p) 1<e<E, @)
where p and ¢ are the ratios of r and b to ¢. The con-
stants of integration Ty and 6, and also £ (or b), are
to be determined. Treating the oj as constants, we

use the boundary conditions to express the first two
of the unknown quantities in terms of the third:

BTy + Ted E2— BT &+ T B BYAT, E*
= B FDEP—BE+1 S el Yo ) 2y g
B=oa/o1, T=oha/h AT, =Tu—T, ., (4)

We shall restrict the examination to an incompres-
sible liquid with constant thermal expansion coef-
ficient 6

v = voesT, vy = coust » (5)

*What is intended here is to determine the heat
transfer coefficient ¢, in the sense of contact heat
conduction (see, e.g., [1]), as distinct from the con-
vective heat transfer coefficient ordinarily used in
technical calculations [2].
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for which (2) takes the form

9%~ [Ei () — Ei (8/8)] + (302 + 30 - 26 Eexp {— (1 —1/8) 8] —

— (302 4 30 + 2)=ne®Tr | (6)
3 my 1
N,

which is transcendental relative to £. After this is
solved, Ty and 6 are determined from (4). In what
follows we exclude the trivial special cases when

G=0 (T=T,, a=0 (T=7T,, AT,=0 (T=T,,
for which

3
E=VYm e 1

We note that

—A—iT;- {AT, ATy, AT3, 6} <1 (AT=T,—Ty) , (7)

When 6 = 0, equation (6) gives
3 ——
E=Vihn+1. (8)

When & = 6AT, le] < min @; 1/y), we

obtain from (6)

is small, viz.

IB (v 1) &2 — ByE + 11 [2 (2 — 1) — ne &) =
= B2 [y (28 — 58+ 3) + ne . (9)
The root desired is close to
3
E=V1pneTatt 10)

For example, when neéTel > 2 max (6,3'3/2, 7'3/2),

we have

5~<1+T+13>(’“)1/3e"9<%‘1>' 11

For n sufficiently small, (6) gives
. Br—2

To+ BTez)]“l

+ 280 — 3048 exp (——5 TR

12)

The necessary condition for the existence of a solu-
tion of (12) will be

Y PP oL N S T 1)
0<‘2“'1<mln[1, B ,r+21 llﬁﬂl B Blz"‘BTHSl s

1T31+BT32 Bfra

Fm} (ﬁo——-BH) . (13)



102

On the other hand, when ,.T& 5. 2 max (1; BT 10,9
we obtain from (6)

263 9,3 [InE 4 Ei (81) —1In | 81| — C] — (302 + 30, + 1) ¥ =
(14)
Te
(o= 757)s

where C is the Euler constant. The root is close to

=neTa [t 4 e

3
E=V Tan expysdl,, . (15)

Let us now elucidate the question of hydrodynamical
stability of the liquid for the temperature distribution
(3) obtained. The condition for absence of convection
is [3] ‘

d . 8 e ; 8 §
pzd_pln T>-— Tk’ or (in the case given) . _f>-—_c_ ky(16)

where ¢ is the specific heat of the liquid, and k is the
product of the gravitational constant and the mass of
the solid sphere divided by its radius. When ATg > 0,
inequality (16) is satisfied, and there is stability.
When AT < 0 we obtain

|

2

|

D,

¢
1> 8%

1 T
or (“Hr,— 4 AT, 1) g =T, 8 +5r >0, (17)
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If a root of (6) does not satisfy (17), convection is
possible in the liquid. When this occurs, the temper-
ature distribution generally becomes different from
3).

The total heat content of the liquid is

T 27’
5 otdp = 6’:‘: e=3T1 {(6T1 +8—3)82e® [Ei(ﬁ) -

— Bi()] 1T+ 030t 1305+ 2H —30 @+ DIE X (18)

x exp(— E——;——%) — [(0T1 + ) (30 + 36 + 2) — 30 (& + 1)1},

J=cm|:T1+6—§n'9(E“-1)] when § =0, (19)7

where £ is determined from (8).
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